
Derivative 

In Mathematics, the derivative is a way to show rate of change of a function 𝑦 

(let, 𝑦 = 𝑓(𝑥) ) with respect to some other variable (𝑥).  

It is denoted as 
𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
𝑦 =  

𝑑

𝑑𝑥
𝑓(𝑥) = 𝑓′(𝑥) = 𝑦1 

𝑑𝑦

𝑑𝑥
 is read as – “𝑑 𝑑𝑥 of 𝑦”.   

Remember that -  

1. 
𝑑𝑦

𝑑𝑥
≠ 𝑑𝑦 ÷ 𝑑𝑥 

2. 𝑑 is an operator. 𝑑𝑦 ≠ 𝑑 × 𝑦 

 

 

Let 𝑦 = 𝑓(𝑥) be a continuous function and the co-ordinate of point P on the 

graph be (𝑥, 𝑓(𝑥)).  

Let 𝑥 now change by an amount ∆𝑥. The new 𝑥 co-ordinate is 𝑥 + ∆𝑥. 

As 𝑦 = 𝑓(𝑥) so the value of 𝑦 will depend upon 𝑥. So, any change (∆𝑥) in the 

value of 𝑥, will result a change in the value of 𝑦. Let it be ∆𝑦. So, the new value of 

𝑦 is 𝑦 + ∆𝑦 = 𝑓(𝑥 + ∆𝑥). The point 𝑄 shows the new position. 

The quotient 
∆𝑦

∆𝑥
=

𝑓(𝑥+∆𝑥)−𝑓(𝑥)

∆𝑥
  is known as Newton quotient, or the difference 

quotient.  

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

∆𝑦

∆𝑥
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So, derivative of 𝑦 with respect to 𝑥 is the rate of change of 𝑦 with respect to 

infinitesimal change of 𝑥. 

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

∆𝑦

∆𝑥
= lim

∆𝑥→0

𝑓(𝑥+∆𝑥)−𝑓(𝑥)

∆𝑥
= lim

ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
  where ∆𝑥 = ℎ 

 

(
𝑑𝑦

𝑑𝑥
)

𝑥=𝑎
= lim

ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
= lim

𝑥→𝑎

𝑓(𝑥)−𝑓(𝑎)

𝑥−𝑎
    

[ Let ℎ = 𝑥 − 𝑎. ℎ → 0 ⇒ 𝑥 − 𝑎 → 0 ⇒ 𝑥 → 𝑎 ] 

 

Formula Table:  csc is the short form of cosec. 

𝑑

𝑑𝑥
(𝑥𝑛) = 𝑛𝑥𝑛−1 where 𝑛 rational 

𝑑

𝑑𝑥
(sin 𝑥) = cos 𝑥  [𝑥 in radian] 

𝑑

𝑑𝑥
(cos 𝑥) = − sin 𝑥  [𝑥 in radian] 

𝑑

𝑑𝑥
(tan 𝑥) = sec2 𝑥  [𝑥 in radian] 

𝑑

𝑑𝑥
(cot 𝑥) = − 𝑐𝑠𝑐2 𝑥  [𝑥 in radian] 

𝑑

𝑑𝑥
(sec 𝑥) = sec 𝑥 tan 𝑥  [𝑥 in radian] 

𝑑

𝑑𝑥
(csc 𝑥) = − csc 𝑥 cot 𝑥  [𝑥 in radian] 

𝑑

𝑑𝑥
(𝑒𝑥) = 𝑒𝑥 

𝑑

𝑑𝑥
(𝑎𝑥) = 𝑎𝑥 log𝑒 𝑎    [𝑎 > 0] 

𝑑

𝑑𝑥
(log𝑒 𝑥) =

1

𝑥
    [𝑥 ≠ 0] 

𝑑

𝑑𝑥
(𝑐) = 0  [𝑐 constant] 

𝑑

𝑑𝑥
{𝑐 ⋅ 𝑓(𝑥)} = 𝑐 ⋅

𝑑

𝑑𝑥
{𝑓(𝑥)}     

[𝑐 constant] 

𝑑

𝑑𝑥
(𝑢 ± 𝑣 ± 𝑤 ± ⋯ ) =

𝑑𝑢

𝑑𝑥
±

𝑑𝑣

𝑑𝑥
±

𝑑𝑤

𝑑𝑥
± ⋯ 

𝑑

𝑑𝑥
(𝑢𝑣) = 𝑢 ⋅

𝑑𝑣

𝑑𝑥
+ 𝑣 ⋅

𝑑𝑢

𝑑𝑥
 

𝑑

𝑑𝑥
(𝑢𝑣𝑤) = 𝑣𝑤 ⋅

𝑑𝑢

𝑑𝑥
+ 𝑢𝑤 ⋅

𝑑𝑣

𝑑𝑥
+ 𝑢𝑣 ⋅

𝑑𝑤

𝑑𝑥
 𝑑

𝑑𝑥
(

𝑢

𝑣
) =

𝑣 ⋅
𝑑𝑢
𝑑𝑥

− 𝑢 ⋅
𝑑𝑣
𝑑𝑥

𝑣2
 

𝑑

𝑑𝑥
(sin−1 𝑥) =

1

√1−𝑥2
      ( |𝑥| < 1 ) 

𝑑

𝑑𝑥
(cos−1 𝑥) = −

1

√1−𝑥2
      ( |𝑥| < 1 ) 

𝑑

𝑑𝑥
(tan−1 𝑥) =

1

1+𝑥2  ( −∞ < 𝑥 < ∞ ) 
𝑑

𝑑𝑥
(cot−1 𝑥) = −

1

1+𝑥2  ( −∞ < 𝑥 < ∞ ) 
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𝑑

𝑑𝑥
(csc−1 𝑥) = −

1

𝑥√𝑥2−1
     ( |𝑥| > 1 ) 

𝑑

𝑑𝑥
(sec−1 𝑥) =

1

𝑥√𝑥2−1
     ( |𝑥| > 1 ) 

 

Chain rule: 

If 𝑦 = 𝑓(𝑢) and 𝑢 = 𝜙(𝑥) then 

 
𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
𝑦 =

𝑑

𝑑𝑥
{𝑓(𝑢)} =

𝑑

𝑑𝑢
𝑓(𝑢) ⋅

𝑑𝑢

𝑑𝑥
=

𝑑𝑓

𝑑𝑢
⋅

𝑑𝜙

𝑑𝑥
= 𝑓′𝜙′ 

Note: As 𝑦 is a function of 𝑢, so we can’t make derivative of 𝑦 w.r.t. 𝑥 directly. 

 

Derivative from parametric equation: 

If 𝑦 = 𝑓(𝑡) and 𝑥 = 𝑓(𝑡), then 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
⋅

𝑑𝑡

𝑑𝑥
  (chain rule) =

𝑑𝑦

𝑑𝑡
𝑑𝑥

𝑑𝑡

=
𝑓′(𝑡)

𝜙′(𝑡)
   

 

Example – 1: Find the derivate of following with respect to (w.r.t) 𝒙 or find 
𝒅𝒚

𝒅𝒙
 

i. log (tan
𝑥

2
) 

ii. 
5𝑥

√1−𝑥23 + sin2(2𝑥 − 3) 

iii. logsin 𝑥 sec 𝑥 + 10𝑥2
  

iv. 𝑥sin 𝑥 

v. 𝑥𝑒𝑥
 

vi. (log 𝑥)cos 𝑥 

vii. 10𝑥 ∙ 𝑥10 

viii. 𝑥𝑥 + (sin 𝑥)𝑥 

ix. (tan 𝑥)cot 𝑥 + (cot 𝑥)tan 𝑥 

x. [(tan 𝑥)tan 𝑥]tan 𝑥  at 𝑥 =
𝜋

4
 

xi. 𝑥𝑦 = 𝑦𝑥 

xii. 𝑥𝑦 ∙ 𝑦𝑥 = 1 
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xiii. 𝑥3𝑦4 = (𝑥 + 𝑦)7 

xiv. 𝑥𝑦 + 𝑦𝑥 = 𝑎 

xv. 𝑦𝑥 = 𝑒𝑦−𝑥 

xvi. (cos 𝑥)𝑦 = (sin 𝑦)𝑥 

xvii. 𝑥𝑦 = tan(𝑥 + 𝑦)  

xviii. 𝑦 = 𝑒
𝑦

𝑥 

xix. 𝑦𝑒𝑦 = 𝑥 

xx. 𝑥sin 𝑦 + 𝑦sin 𝑥 = 1 

xxi. 𝑦 = 𝑥𝑥𝑥⋯∞

 

xxii. 𝑦 = 𝑥 +
1

𝑥+
1

𝑥+⋯∞

 

2.  

i. If √1 − 𝑥2 + √1 − 𝑦2 = 𝑎(𝑥 − 𝑦) then show that 
𝑑𝑦

𝑑𝑥
=

√1−𝑦2

√1−𝑥2
 

ii. If 𝑦 =
1+sin 𝜃+cos 𝜃

1+sin 𝜃−cos 𝜃
 then show that 

𝑑𝑦

𝑑𝜃
+

1

1−cos 𝜃
= 0 

iii. If sin 𝑦 = 𝑥 sin(𝑎 + 𝑦) then prove that 
𝑑𝑦

𝑑𝑥
=

sin 𝑎

1−2𝑥 cos 𝑎+𝑥2 

iv. If 𝑦√𝑥2 + 1 = log(√𝑥2 + 1 − 𝑥) then show that (𝑥2 + 1)
𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 + 1 =

0 

v. If 𝑦 = 1 +
𝑎

𝑥−𝑎
+

𝑏𝑥

(𝑥−𝑎)(𝑥−𝑏)
+

𝑐𝑥2

(𝑥−𝑎)(𝑥−𝑏)(𝑥−𝑐)
 then show that 

𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
(

𝑎

𝑎−𝑥
+

𝑏

𝑏−𝑥
+

𝑐

𝑐−𝑥
) 

vi. If 𝑥 = sec 𝜃 − cos 𝜃 and 𝑦 = sec𝑛 𝜃 − cos𝑛 𝜃, then show that (𝑥2 +

4) (
𝑑𝑦

𝑑𝑥
)

2
= 𝑛2(𝑦2 + 4) 

vii. If 𝑓(𝑥) = (
𝑎+𝑥

𝑏+𝑥
)

𝑎+𝑏+2𝑥
 then show that 𝑓′(0) = (2 log

𝑎

𝑏
+

𝑏2−𝑎2

𝑎𝑏
) (

𝑎

𝑏
)

𝑎+𝑏
 

 

Solutions of 1: 
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log (tan
𝑥

2
) 
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5𝑥

√1 − 𝑥23 + sin2(2𝑥 − 3) 
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logsin 𝑥 sec 𝑥 + 10𝑥2
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𝑥sin 𝑥 
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𝑥𝑒𝑥
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(log 𝑥)cos 𝑥 
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10𝑥 ∙ 𝑥10 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Page 11 of 38jsarkar.com



𝑥𝑥 + (sin 𝑥)𝑥 

 

Page 12 of 38jsarkar.com



(tan 𝑥)cot 𝑥 + (cot 𝑥)tan 𝑥 
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[(tan 𝑥)tan 𝑥]tan 𝑥  at 𝑥 =
𝜋

4
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𝑥𝑦 = 𝑦𝑥 
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𝑥𝑦 ∙ 𝑦𝑥 = 1 
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𝑥3𝑦4 = (𝑥 + 𝑦)7 
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𝑥𝑦 + 𝑦𝑥 = 𝑎 
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𝑦𝑥 = 𝑒𝑦−𝑥 
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(cos 𝑥)𝑦 = (sin 𝑦)𝑥 
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𝑥𝑦 = tan(𝑥 + 𝑦) 
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𝑦 = 𝑒
𝑦
𝑥  
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𝑦𝑒𝑦 = 𝑥 

 

 

 

𝑥sin 𝑦 + 𝑦sin 𝑥 = 1 
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𝑦 = 𝑥𝑥𝑥⋯∞
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𝑦 = 𝑥 +
1

𝑥 +
1

𝑥 + ⋯ ∞

 

 

 

 

 

 

 

 

 

 

 

 

 

Solutions of 2: 
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If √1 − 𝑥2 + √1 − 𝑦2 = 𝑎(𝑥 − 𝑦) then show that 
𝑑𝑦

𝑑𝑥
=

√1−𝑦2

√1−𝑥2
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If 𝑦 =
1+sin 𝜃+cos 𝜃

1+sin 𝜃−cos 𝜃
 then show that 

𝑑𝑦

𝑑𝜃
+

1

1−cos 𝜃
= 0 
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If sin 𝑦 = 𝑥 sin(𝑎 + 𝑦) then prove that 
𝑑𝑦

𝑑𝑥
=

sin 𝑎

1−2𝑥 cos 𝑎+𝑥2 
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If 𝑦√𝑥2 + 1 = log(√𝑥2 + 1 − 𝑥) then show that (𝑥2 + 1)
𝑑𝑦

𝑑𝑥
+ 𝑥𝑦 + 1 = 0 
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If 𝑦 = 1 +
𝑎

𝑥−𝑎
+

𝑏𝑥

(𝑥−𝑎)(𝑥−𝑏)
+

𝑐𝑥2

(𝑥−𝑎)(𝑥−𝑏)(𝑥−𝑐)
 then show that 

𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
(

𝑎

𝑎−𝑥
+

𝑏

𝑏−𝑥
+

𝑐

𝑐−𝑥
) 

 

Page 35 of 38jsarkar.com
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If 𝑥 = sec 𝜃 − cos 𝜃 and 𝑦 = sec𝑛 𝜃 − cos𝑛 𝜃, then show that (𝑥2 + 4) (
𝑑𝑦

𝑑𝑥
)

2
=

𝑛2(𝑦2 + 4) 
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If 𝑓(𝑥) = (
𝑎+𝑥

𝑏+𝑥
)

𝑎+𝑏+2𝑥
 then show that 𝑓′(0) = (2 log

𝑎

𝑏
+

𝑏2−𝑎2

𝑎𝑏
) (

𝑎

𝑏
)

𝑎+𝑏
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